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Numerical aspects associated with the implementation of a finite
strain, elasto-viscoelastic-viscoplastic constitutive theory in
principal stretches†
D. W. HOLMES∗ and J. G. LOUGHRAN
School of Engineering, James Cook University, Townsville, Australia.
SUMMARY
This paper treats the numerical implementation of a finite strain, elasto-viscoelastic-viscoplastic
constitutive model for semicrystalline polymers, written in principal stretches. A parallel configuration
of the three model elements is used which enables the decoupled algorithmic treatment of each response
within a stress update numerical scheme. The numerical aspects associated with the use of principal
stretch constitutive expressions in a tensor space numerical environment are initially developed for
the general cases of any elastic or inelastic constitutive element. Included is the formulation of the
closed-form, consistent tangential modulus tensor. The principal space algorithmic treatments of
the elastic, viscoelastic and viscoplastic elements are then used as specific examples. Of particular
importance is the development of a principal space, closest point projection return mapping algorithm
for viscoplasticity including isotropic strain hardening. Preliminary numerical examples are presented
to illustrate the versatility of the model. Copyright c© 2007 John Wiley & Sons, Ltd.
key words: elasto-viscoelastic-viscoplastic; numerical implementation; closest point projection;
principal stretches
1. INTRODUCTION
There are a broad range of engineering materials whose large strain deformation behavior
can be characterized by a combination of elastic, viscoelastic and viscoplastic contributions.
Examples of materials in this class include some amorphous and the majority of semicrystalline
polymers [1, 2, 3]. In this paper, we present the numerical implementation of an elasto-
viscoelastic-viscoplastic constitutive theory paying particular attention to the tensor space
implications, associated with the reduction of the constitutive relationships to principal space.
The generalized form of the model treated here is developed from that of Peric´ and Dettmer
[4]. These authors propose a parallel addition of elastic, viscoelastic, plastic and viscoplastic
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elements for the representation of a variety of materials, primarily polymeric. Nedjar [5, 6]
also treats the numerical implementation of a parallel configuration, specifically, a viscoelasto-
plastic model. The major advantage of such parallel theories, evident in both works, is the
result that both the element stress and element tangential modulus tensors can be directly
added to attain the total terms, thus facilitating the separate treatment of the associated
elemental algorithms. Herein, such an approach is adopted.
The selection of a constitutive model formulated in principal space is motivated most
significantly by the impracticality of fitting full tensor space model parameters to experimental
data, particularly for complex responses. The transition between principal constitutive
representation and the tensor space stress and tangential modulus terms, critical to implicit
numerical implementation, is a nontrivial aspect of such a reduction.
The numerical treatment of principal space elasticity (hyperelasticity being a subgroup) has
been presented with some generality by authors such as Ogden [7], Simo and Taylor [8] and
also Itskov [9]. Throughout the respective principal space algorithmic developments, in [8] and
[9] particularly, the dependence of the explicit stress and tangential modulus tensor expressions
on the conditioning of the principal stretches is fully developed. This is a key characteristic of
the numerical treatment of principal stretch theories.
A suitable implementation of a finite strain viscoelastic theory in principal stretches is
reported by Reese and Govindjee [10]. The solution strategy used is akin to the operator
split methodology used in plasticity [11], while integration of the evolution equation is formed
as a one step difference method that is solved by Newton’s method. The authors report on
the development of the consistent closed-form tangential modulus with some detail on the
transition between spectral and tensor quantities.
There is significant development in the literature on the numerical treatment of
viscoplasticity. Simo and Hughes [12] make note of three general classes of return mapping
algorithms commonly used in plasticity. The first of these is radial return mapping. Simo
[13] most comprehensively treats such an algorithm for viscoplasticity including account of
both isotropic and kinematic hardening. Simo’s development was based on principal plane
constitutive expressions, including a brief account of the reconstruction into tensor space.
Radial return mapping has been applied widely within plasticity however the methodology
necessitates specialized formulation for each different constitutive account of elasticity, yield,
flow and hardening. An integration algorithm for the general case is the closest point projection
method [12, 14]. This methodology is mathematically more rigorous however the actual
formulation is carried out independent of the specific constitutive relationships, so enabling
general application. Simo and Hughes [12] present a closest point projection method for
viscoplasticity, while most significantly, Peric´ and Owen [15] and Peric´ [16] report on the use of
closest point projection for viscoplasticity with the addition of isotropic hardening. All three
developments are presented for tensor space constitutive expressions including formulation of
the consistent tangential modulus. The third class of integration algorithms is the cutting plane
algorithm[12, 14]. Such an algorithm, whilst possessing certain advantages, has been deemed
to be inappropriate for the current purposes, see [14] and the references therein for further
reading on cutting plane algorithms.
While there is extensive development in the literature on integration algorithms for plasticity,
there is comparably little dealing with the specifics of the transition between principal space
algorithmic solution and the subsequent implementation into tensor space computational
schemes (see for example Simo [13]). In Section 2 we present a generalized approach to
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inelasticity in principal space, extending on the well defined formulations for the purely
hyperelastic case of authors such as Simo and Taylor [8] and Itskov [9]. It will be shown that
recovery of the elastic form of the principal space numerical framework is a direct byproduct
of this more general development. The actual principal space algorithmic developments for
the three model elements of interest are presented in Section 3. Brief summary of a suitable
algorithm for the elastic case is presented while a more detailed development is treated for a
new, closest point projection integration algorithm for viscoplasticity in principal stretches and
accounting for isotropic strain hardening. Selection of a generalized integration algorithm for
viscoplasticity is important for the current research because of the case specific variability of the
constitutive relationships of polymeric materials, most specifically, semicrystalline polymers.
Viscoelasticity is then treated as a special case of this closest point projection algorithm,
further demonstrating its versatility. Section 4 presents the results of preliminary numerical
examples that demonstrate the versatility of the treated model.
2. GENERALIZED INELASTICITY IN PRINCIPAL STRETCHES
The constitutive model discussed above and outlined in our earlier work, [17], utilizes elastic,
viscoelastic and viscoplastic deforming responses combined in parallel. This combination
of both elastic and inelastic deforming mechanisms is characteristic of a broad range of
engineering materials, however the development of a generalized numerical implementation,
applicable to both classes of response remains fragmented and incomplete within the
published literature. In this Section, after treating preliminary kinematic and thermodynamic
principals, a finite strain numerical implementation suitable for the generalized case of inelastic
constitutive representation will be discussed. Of primary significance is the derivation of the
closed-form tangential modulus, expressed in terms of principal stretches. It is our objective
here to address the need for generalization of the numerical treatment of finite deformation in
principal space.
2.1. The deformation gradient and its components
The vast majority of constitutive theories used for numerical application treat deformation
as being separable into volumetric and deviatoric components. This separation is carried out
primarily for reasons of numerical convenience (see for example Simo and Taylor [8], Reese
and Govindjee [10] and Holzapfel [18]) and is a largely accepted convention in all but the most
specialized of cases. The theories treated herein will adhere to this convention.
Separation of response into volumetric and deviatoric components is carried out via the
multiplicative split of the deformation gradient, F as
F = F volF¯ (2.1)
where, given the scalar jacobian of F , J = det [F ], the volumetric and deviatoric components
of the deformation are respectively
F vol = J 1/3I (2.2)
F¯ = J −1/3F (2.3)
where I is the second order identity tensor Iij = δij .
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Introducing the right and left Cauchy-Green strain tensors, C = F TF and b = FF T , it
follows from equations (2.1) to (2.3) that
C = CvolC¯ b = bvolb¯ (2.4)
where
Cvol = J 2/3I bvol = J 2/3I (2.5)
C¯ = J −2/3C b¯ = J −2/3b (2.6)
The right and left Cauchy-Green strain tensors differ by the reference frame from which
they measure deformation. The C tensor is related to a Lagrangian frame of reference which
is a material quantity while the b tensor is related to a Eulerian frame of reference which is a
spatial quantity. These concepts are important in continuum mechanics and will be discussed
further sections to follow.
For inelastic material response, the deformation gradient will exhibit both elastic
and inelastic components. These components can be distinguished through an additional
multiplicative split of the deformation gradient into elastic and inelastic components, [19, 20],
where
F = F eF i (2.7)
and so in combination with (2.1),
F = F evolF
i
volF¯
e
F¯
i (2.8)
and here
F evol = J
e 1/3I F ivol = J
i 1/3I
F¯
e = J e−1/3F e F¯ i = J i−1/3F i (2.9)
The corresponding elastic components of the right and left Cauchy-Green strain tensors are
Ce = J e 2/3F¯ e T F¯ e = J e 2/3C¯e (2.10)
be = J e 2/3F¯ eF¯ e T = J e 2/3b¯e (2.11)
For the developments which follow it is additionally pertinent to note an alternative to (2.7)
following the work of Reese and Govindjee [10]. For a time discretization of the deformation
history, over the time step ∆tn+1 = tn+1 − tn, the current deformation gradient can take the
form
F e trn+1 = F n+1F
i−1
n (2.12)
where F in is the inelastic component of the deformation gradient from the end of the previous
time step while F e trn+1 provides an initial trial estimate of the current elastic component of the
deformation. For the remainder of this section we will omit the time subscripts from current
quantities (i.e. when t = tn+1). The actual interpretation of (2.12) will become clearer within
the specific operator split algorithmic development provided in Section 3. Within the context
of the current development, it is sufficient to note the significance of Reese and Govindjee’s
observation that F in is constant at current time t = tn+1.
Finally, following these separations of the deformation gradient it is trivial to observe that
purely elastic response is a special case of inelasticity where
F e = F e tr = F and F i = F in = I (2.13)
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2.2. Thermodynamics in tensor space
In continuum mechanics, the constitutive behavior of a material can typically be related to an
expression of the materials thermodynamic potential or free energy, denoted here by ψ [8, 21].
Following authors such as Nedjar [5], Simo and Hughes [12], Peric´ [16] and Holzapfel [18, 22]
and in view of (2.10), the free energy for generalized inelastic materials can be expressed in
decoupled form as
ψ = ψˆ (Ce, ξ) = Uˆ (J e) + Wˆ (C¯e)+ Hˆ (ξ) (2.14)
where the functions Uˆ and Wˆ describe the separated volumetric and deviatoric components of
thermodynamic potential respectively while the function Hˆ depends on some set of internal
variables, ξ, commonly associated with inelastic dissipation mechanisms [4, 12, 13].
The relationship of explicit material stress to the thermodynamic free energy, can be
formulated from a direct development of the Clausius-Duhem form of the 2nd law of
thermodynamics. Examples of similar developments can be found in the work of Simo [13],
Reese and Govindjee [10] and also Nedjar [5]. Correspondingly, given a free energy expression
ψˆ (Ce, ξ), the second Piola-Kirchhoff stress tensor, S, is given for the general case
S = 2
∂ψˆ
∂C
= 2F i−1
∂ψˆ
∂Ce
F i−T (2.15)
Incorporating the decoupled form of (2.14), using the chain rule then
S = 2F i−1
(
∂Uˆ
∂J e
∂J e
∂Ce
+
∂Wˆ
∂C¯
e
∂C¯
e
∂Ce
)
F i−T (2.16)
As can be inferred by its dependence on C, the second Piola-Kirchhoff stress is a Lagrangian
or material quantity. The Eulerian or spatial counterpart of this stress is the Kirchhoff stress
tensor, τ . Referring to Simo and Taylor [8] and also Bonet and Wood [21], Lagrangian and
Eulerian quantities such as these can be related through the concepts of Push forward and
Pull back. For second order tensors, an Eulerian quantity can be attained via the second order
push forward of the corresponding Lagrangian quantity1 as
τ = FSF T (2.17)
An alternate form of Eulerian stress commonly used in solid mechanics is the Cauchy or true
stress σ, which can correspondingly be defined
σ =
1
J
τ =
1
J
FSF T (2.18)
Cauchy stress is generally the form of most interest for Bathe type updated Lagrangian implicit
stress update solution schemes [23, 24].
It follows that the Lagrangian form of the fourth order tangential modulus tensor for
generalized inelasticity is found via the differential of (2.15)
C = 2
∂S
∂C
= 4
∂2ψˆ
∂C2
= 2
∂
∂C
{
2F i−1
(
∂Uˆ
∂J e
∂J e
∂Ce
+
∂Wˆ
∂C¯
e
∂C¯
e
∂Ce
)
F i−T
}
(2.19)
1Note it follows directly that the second Piola-Kirchhoff stress S can be found via the pull back of the Kirchhoff
stress, i.e. S = F−1τF−T .
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It is convenient to exploit the second separation of the deformation gradient (2.12), such that
the right Cauchy-Green strain tensor takes the alternate form
C = F i Tn F
e tr TF e trF in = F
i T
n C
e trF in (2.20)
where Ce tr is the elastic trial right Cauchy-Green strain tensor2. Using this expression and the
separated forms of the deformation gradient, (2.7) and (2.12), and observing that because F in
is constant at time tn+1 it can be taken outside the differential, then the Lagrangian modulus
term becomes
C = 2F i−1n F
i−1
n
∂
∂Ce tr
{
2F e tr−1F e
(
∂Uˆ
∂J e
∂J e
∂Ce
+
∂Wˆ
∂C¯
e
∂C¯
e
∂Ce
)
F e TF e tr−T
}
F i−Tn F
i−T
n
(2.21)
The motivation for expressing the tangential modulus expression in this way will become
clearer within the principal space development that follows. The Eulerian tangential modulus
counterpart3 can be found via the fourth order push forward of the Lagrangian term such that
c =
1
J
FFCF TF T (2.22)
Equation (2.21) (and its corresponding substitution in (2.22)) constitute expression of the
complete closed form tangential modulus for generalized inelastic materials in tensor form.
2.3. Spectral decomposition of strain
It is now pertinent to introduce the widely applicable concept of assumed isotropy. The
assumption that a material’s response to loading is isotropic enables the reduction of
constitutive representation into principal planes. A major advantage of such a representation
is the significant reduction in experimental work required to fit and validate constitutive
relationships, particularly in the more complex of cases. Most practical numerical
implementations, however, will operate in full tensor space and so the implications of the
necessary spectral reconstruction are of significant importance.
Following conventional methodology (see for example Bonet and Wood [21]) the spectral
decompositions of the strain space tensor quantities of Section 2.1 proceed
Cα =
3∑
A=1
ΛαAN
(α)
A ⊗N (α)A =
3∑
A=1
λα 2A N
(α)
A ⊗N (α)A (2.23)
bα =
3∑
A=1
ΛαAn
(α)
A ⊗ n(α)A =
3∑
A=1
λα 2A n
(α)
A ⊗ n(α)A (2.24)
F α =
3∑
A=1
λαAn
(α)
A ⊗N (α)A (2.25)
2It follows directly that the Eulerian counterpart elastic trial left Cauchy-Green strain tensor be defined by
be tr = F e trF e tr T .
3Note here that c is the tangential modulus corresponding to Cauchy stress.
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where for A = 1, 2, 3; ΛαA are eigenvalues common to both C
α and bα, λαA =
√
ΛαA denote
the principal stretches and N (α)A ⊗N (α)A and n(α)A ⊗n(α)A denote the Lagrangian and Eulerian
eigenvalue bases respectively. The generic indices, α, indicate that identical decompositions
can be carried out for the total, elastic and trial elastic forms of the strain terms, i.e.
Cα = C,Ce,Ce tr, etc. For convenience, we introduce the notation N (α)A ⊗ N (α)A = M (α)A
and n(α)A ⊗ n(α)A =m(α)A .
The calculation of the eigenvalues proceeds in the conventional manner [25] by solving the
characteristic equation
[Cα − ΛαI]N (α) = 0 (2.26)
here for the case of the right Cauchy-Green strain tensor. Due to Cα being a second order,
3× 3 tensor, it will have up to three distinct eigenvalues.
The determination of eigenvalue bases is wholly contingent on the presence of distinct
eigenvalues. Coalescence (equality) of two or more eigenvalues means that the corresponding
eigenvalue bases cannot be algebraically determined. It is this fact that necessitates the
separate treatment of spectral reconstruction dependent on the exclusivity of the three
eigenvalues as is done for the case of hyperelasticity by both Simo and Taylor [8] and Itskov
[9].
At this point it is convenient to exploit the pull back of the Eulerian eigenvalue bases,
recalling the spectral decomposition of F α from equation (2.25) such that
F α−1
(
m
(α)
A
)
F α−T = λα−2A M
(α)
A = M˜
(α)
A (2.27)
where here we refer to M˜
(α)
A as the modified Lagrangian eigenvalue base, noting that the push
forward of M˜
(α)
A results directly in the actual Eulerian eigenvalue basem
(α)
A . Again α indicates
that (2.27) can take total, elastic or trial elastic forms.
For the purely hyperelastic case, Itskov [9] provides a valuable definition of the total
Lagrangian eigenvalue bases MA. So as to facilitate a more straight forward transition to
Eulerian description, we carry out a similar procedure for M˜
(α)
A in Appendix I.1 4. The results
for these modified Lagrangian eigenvalue bases for all cases of eigenvalue exclusivity are
presented in the appendix. Taking the second order push forward of the expression for the
case of three distinct eigenvalues5, the Eulerian eigenvalue bases can be found via
m
(α)
A =
bα 2 − (IαC − ΛαA) bα + IIIαCΛα−1A I
DαA
A = 1, 2, 3 (2.28)
where from Appendix I.1 , IαC and III
α
C are the first and third principal invariants (I.6), while
DαA is a term related to strain (I.5). A similar procedure can be performed for the other
cases. It is worth while here to note that, referring to authors such as Simo [13], the condition
of isotropy requires that the trial elastic tensor quantities will be coincident with the final
corrected elastic terms. As such, the trial elastic and elastic forms of the eigenvalue bases must
4The generic superscripts, α, have been omitted from the appendices for clarity however their inclusion is
inferred, i.e. the development is identical for the total, elastic and trial elastic forms of the tensor quantities.
5Note FαCαFαT = bα 2, FαIFαT = bα and FαCα−1FαT = I.
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be equal, i.e. m(e tr)A = m
(e)
A and M
(e tr)
A = M
(e)
A . The significance of this from a numerical
implementation stand point is that any spectral reconstruction to full tensor space need only
be a functional of the trial eigenvalue base terms.
Extending the concept of spectral decomposition to the multiplicative split of Cα into
volumetric and deviatoric components, follows directly from (2.4)1, (2.5)1, (2.6)1 and (2.23)
such that
Cα = CαvolC¯
α (2.29)
Cαvol = F
αT
vol F
α
vol = J
α 2/3I (2.30)
C¯
α = F¯ αT F¯ α =
3∑
A=1
Jα−2/3λα 2A N
(α)
A ⊗N (α)A =
3∑
A=1
λ¯α 2A N
(α)
A ⊗N (α)A (2.31)
where in principal space Jα = λα1λ
α
2λ
α
3 and where λ¯
α
A = J
α−1/3λαA are defined as the deviatoric
principal stretches. An identical procedure can be carried out for the Eulerian counterpart,
bα. It is important to note that the eigenvalue bases remain unchanged after the volumetric-
deviatoric separation.
As was discussed in Section 2.2, the constitutive behavior of materials can be related to an
expression of the thermodynamic free energy, equation (2.14). The reduction of a materials
constitutive representation into principal planes requires reformulation of the free energy
expression in terms of principal stretch quantities as
ψ = ψˆ(λe1, λ
e
2, λ
e
3,
~ξ ) = Uˆ (Je) + ωˆ (λ¯e1, λ¯e2, λ¯e3)+ hˆ(~ξ ) (2.32)
where ~ξ is now some vector of principal space internal variables. Note (2.32) is consistent with
(2.14) because the deviatoric term (here ωˆ) is now a functional of the deviatoric principal
stretches λ¯eA.
2.4. Stress expression in principal stretches
The reformulation of the free energy expression into principal space, (2.32), necessitates further
development of the second Piola-Kirchhoff stress expression (2.16). Substitution of (2.32) into
(2.16) with further implementation of the chain rule gives
S = 2F i−1
∂Uˆ
∂J e
∂J e
∂Ce
F i−T + 2F i−1
3∑
A=1
3∑
B=1
∂ωˆ
∂λ¯eB
∂λ¯eB
∂λeA
∂λeA
∂Ce
F i−T (2.33)
For convenience here, we introduce the principal deviatoric stress term, τA, such that
τA =
3∑
B=1
∂ωˆ
∂λ¯eB
∂λ¯eB
∂λeA
λeA =
∂ωˆ
∂εeA
(2.34)
where εeA are the principal elastic logarithmic strains which will become relevant during the
specific algorithmic treatments of Section 3. Now
S = 2F i−1
∂Uˆ
∂J e
∂J e
∂Ce
F i−T + F i−1
3∑
A=1
τA
(
2λe−1A
∂λeA
∂Ce
)
F i−T (2.35)
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Within (2.35) it can be observed that the jacobian and principal stretch derivative terms,
∂CeJ
e and ∂CeλeA, must be second order tensors to maintain the tensorial form of S. These
can consequently be viewed as driving the spectral reconstruction from principal quantities to
tensor space. Once again Itskov [9] provides a complete derivation of eigenvalue derivatives,
functional on the Lagrangian eigenvalue bases. An alternative derivation is provided in
Appendices I.2 and I.3 for the principal stretch and jacobian derivatives6, functional on the
modified Lagrangian eigenvalue bases M˜
(e)
A .
Using the results from Appendices I.2 and I.3 , the stress tensor expressions for the three
different cases of eigenvalue exclusivity are defined as follows
(1). Distinct elastic eigenvalues Λe1 6= Λe2 6= Λe3
From (I.19) and (I.29), the second Piola-Kirchhoff stress expression can be defined
S = F i−1
∂Uˆ
∂J e
J eCe−1F i−T + F i−1
3∑
A=1
τAM˜
(e)
A F
i−T (2.36)
The Cauchy stress expression is determined via the second order push forward operation
defined in equation (2.18). It is pertinent to note here that authors such as Reese and Govindjee
[10] and Holzapfel [18] have observed the inelastic response of a variety of materials to be wholly
deviatoric. Employing such a restriction J i = 1, such that J = J e and recalling equations
(2.1) and (2.27), the Cauchy stress is given
σ =
∂Uˆ
∂J e
I +
1
J e
3∑
A=1
τAm
(e)
A (2.37)
(2). Double coalescence of eigenvalues Λe1 6= Λe2 = Λe3 = Λe
Noting that because λe2 = λ
e
3 = λ
e, following with some development from (2.34), it can be
shown that correspondingly τ2 = τ3 = τ such that
S = 2F i−1
∂Uˆ
∂J e
∂J e
∂Ce
F i−T + F i−1τ12λe−11
∂λe1
∂Ce
F i−T + F i−1τ2λe−1
(
∂λe2
∂Ce
+
∂λe3
∂Ce
)
F i−T
(2.38)
It is now possible to substitute (I.23), (I.24) and (I.29) to yield
S = F i−1
∂Uˆ
∂J e
J eCe−1F i−T + F i−1τ1M˜
(e)
1 F
i−T + F i−1τ
(
Ce−1 − M˜ (e)1
)
F i−T (2.39)
and again following the push forward, the Cauchy stress tensor is given by
σ =
∂Uˆ
∂J e
I +
1
J e
τI +
1
J e
(τ1 − τ)m(e)1 (2.40)
6Note, again the elastic superscript designations, e, have been omitted from the development in the appendix
as the derivation is general to all tensor forms and their spectral components.
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(3). Triple coalescence of eigenvalues Λ1 = Λ2 = Λ3 = Λ
Again exploiting equation (2.34), it is a straightforward proof to show that when λe1 = λ
e
2 =
λe3 = λ
e, then correspondingly τ1 = τ2 = τ3 = τ . It is important, also, to observe that due to
the deviatoric nature of τA, then
τ1 + τ2 + τ3 = 0 (2.41)
and as a consequence, the deviatoric stress term must be null. The result that stress is wholly
volumetric when all eigenvectors are equal is not surprising. Substituting (2.41) and (I.29) into
(2.35) gives
S = F i−1
∂Uˆ
∂J e
J eCe−1F i−T (2.42)
and following the push forward, the Cauchy stress tensor is given by
σ =
∂Uˆ
∂J e
I (2.43)
2.5. Closed-form tangential modulus expression in principal stretches
Following the implementation of the principal space free energy into the stress expressions in
Section 2.4, the tangential modulus expression, (2.21), can be correspondingly modified.
In view of the principal space free energy, (2.32), the Lagrangian form of the tangential
modulus expression becomes
C = 2F i−1n F
i−1
n
∂
∂Ce tr
{
2F e tr−1F e
∂Uˆ
∂J e
∂J e
∂Ce
F e TF e tr−T
}
F i−Tn F
i−T
n︸ ︷︷ ︸
vol
+ 2F i−1n F
i−1
n
∂
∂Ce tr
{
2F e tr−1F e
3∑
A=1
3∑
B=1
∂ωˆ
∂λ¯eB
∂λ¯eB
∂λeA
∂λeA
∂Ce
F e TF e tr−T
}
F i−Tn F
i−T
n︸ ︷︷ ︸
dev
= Cvol + C¯ (2.44)
Initially focussing attention on the volumetric component of (2.44), it is beneficial to observe
that via the development of Appendix I.3 , the elastic jacobian differential is given
∂J e
∂Ce
= 12J
eCe−1 (2.45)
By carrying out the elastic push forward of this expression, followed by the elastic trial pull
back and noting that J = J e = J e tr because the inelastic response is wholly deviatoric, it
can be shown that
F e tr−1F e
∂J e
∂Ce
F e TF e tr−T = 12J
e trCe tr−1 =
∂J e tr
∂Ce tr
(2.46)
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Trivially ∂J e/∂J e tr = 1, and so with some work, the volumetric component of the Lagrangian
tangential modulus becomes
Cvol = 2F i−1n F
i−1
n
∂
∂Ce tr
{
∂Uˆ
∂J e
J e trCe tr−1
}
F i−Tn F
i−T
n
= F i−1n F
i−1
n
{
J e
(
∂Uˆ
∂J e
+ J e
∂2Uˆ
∂J e 2
)
Ce tr−1 ⊗Ce tr−1 − 2J e ∂Uˆ
∂J e
IC
e tr−1
}
F i−Tn F
i−T
n
(2.47)
where IC
e tr−1
ijkl =
1
2 (C
e tr−1
ik C
e tr−1
jl + C
e tr−1
il C
e tr−1
jk ). Here the fourth order tensor terms
Ce tr−1⊗Ce tr−1 and ICe tr−1 are responsible for the spectral reconstruction. Carrying out the
fourth order push forward7 of (2.47) and recalling the separation of the deformation gradient
given by equation (2.12), then the volumetric component of the Eulerian tangential modulus
for generalized inelasticity becomes
cvol =
(
∂Uˆ
∂J e
+ J e
∂2Uˆ
∂J e 2
)
I ⊗ I − 2 ∂Uˆ
∂J e
I ′ (2.48)
for all cases of elastic eigenvalue exclusivity.
Following from the generalized stress expression (2.35), the deviatoric component of the
Lagrangian tangential modulus for generalized inelasticity becomes
C¯ = 2F i−1n F
i−1
n
∂
∂Ce tr
{
F e tr−1F e
3∑
A=1
τA
(
2λe−1A
∂λeA
∂Ce
)
F e TF e tr−T
}
F i−Tn F
i−T
n (2.49)
Again referring to the development presented in Appendix I.2 , it can be shown that for the
general case of three distinct elastic eigenvalues, then(
2λe−1A
∂λeA
∂Ce
)
= M˜
(e)
A (2.50)
Recalling equation (2.27) and that m(e tr)A = m
(e)
A , then it can be shown that by taking the
elastic push forward and subsequent elastic trial pull back of (2.50), then
F e tr−1F e
(
2λe−1A
∂λeA
∂Ce
)
F e TF e tr−T = F e tr−1m(e)A F
e tr−T
= M˜
(e tr)
A ≡
(
2λe tr−1A
∂λe trA
∂Ce tr
)
A = 1, 2, 3
(2.51)
7Observing that F e trF e tr(Ce tr−1⊗Ce tr−1)F e tr TF e tr T = I⊗I and F e trF e tr(ICe tr−1 )F e tr TF e tr T =
I′.
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With substitution of this expression into (2.49), then
C¯ = 2F i−1n F
i−1
n
∂
∂Ce tr
{
3∑
A=1
τA
(
2λe tr−1A
∂λe trA
∂Ce tr
)}
F i−Tn F
i−T
n
= 2F i−1n F
i−1
n
{
3∑
A=1
3∑
B=1
3∑
C=1
3∑
D=1
∂τA
∂λ¯eD
∂λ¯eD
∂λeC
∂λeC
∂λe trB
∂λe trB
∂Ce tr
⊗
(
2λe tr−1A
∂λe trA
∂Ce tr
)
+
3∑
A=1
τA
∂
∂Ce tr
(
2λe tr−1A
∂λe trA
∂Ce tr
)}
F i−Tn F
i−T
n
(2.52)
Use of equation (2.51) in this way circumvents the need to explicitly define any eigenvalue
bases, hence the newly formed tangential modulus expression is applicable for all cases of
elastic (trial) eigenvalue exclusivity.
For the deviatoric tangential modulus expression, C¯, it is convenient to introduce the
tangential operator term, CalgAB , such that
CalgAB =
3∑
C=1
3∑
D=1
∂τA
∂λ¯eD
∂λ¯eD
∂λeC
∂λeC
∂λe trB
λe trB =
∂τA
∂λe trB
λe trB =
∂τA
∂εe trB
A,B = 1, 2, 3 (2.53)
where εe trA are the principal elastic trial logarithmic strains. C
alg
AB is commonly referred to as
the algorithmic tangential operator and is treated widely in plasticity [12, 13, 16]. Through
association with the incremental algorithmic solution (i.e. through εe trA ), C
alg
AB introduces
consistency into the expression of the tangential modulus [12]. This concept will be treated
further in Section 3. Correspondingly, the Lagrangian tangential modulus expression becomes
C¯ = F i−1n F
i−1
n
{
3∑
A=1
3∑
B=1
CalgAB
(
2λe tr−1B
∂λe trB
∂Ce tr
)
⊗
(
2λe tr−1A
∂λe trA
∂Ce tr
)
+ 2
3∑
A=1
τA
∂
∂Ce tr
(
2λe tr−1A
∂λe trA
∂Ce tr
)}
F i−Tn F
i−T
n (2.54)
Equation (2.54) is in generalized, closed-form, applicable to all conditions of eigenvalue
exclusivity. For practical implementation, the first and second elastic trial principal stretch
differentials are responsible for the specific spectral reconstruction and so must be determined8.
The first principal stretch differentials have been formulated in Appendix I.2 . Again a
modification of the methodology of Itskov [9] is used in Appendix I.4 to establish the
second principal stretch derivatives, functional on the modified Lagrangian eigenvalue bases
as required.
8Note here that often, the ∂Ce tr
(
2λe tr−1A ∂Ce trλ
e tr
A
)
differential replaced by ∂Ce trM˜
(e tr)
A [9] with
subsequent correction for eigenvalue coalescence, however, for the circumstances when the eigenvalue bases
are indeterminate, it would seem more accurate to include this derivative in the more general form of (2.54).
Refer to Appendix I.4 .
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Implementing the results from Appendices I.2 and I.4 , the specific results for deviatoric
tangential modulus, dependent on the different states of eigenvalue exclusivity are presented
in the following
(1). Distinct elastic trial eigenvalues Λe tr1 6= Λe tr2 6= Λe tr3
For the case of distinct eigenvalues, all three first principal stretch differentials can be
determined from (I.19), such that the deviatoric component of the Lagrangian tangential
modulus becomes
C¯ = F i−1n F
i−1
n
{
3∑
A=1
3∑
B=1
CalgABM˜
(e tr)
A ⊗ M˜
(e tr)
B + 2
3∑
A=1
τA∂Ce trM˜
(e tr)
A
}
F i−Tn F
i−T
n (2.55)
Definition of the fourth order modified eigenvalue base derivative, ∂Ce trM˜
(e tr)
A , is provided
in Appendix I.4 . Carrying out the fourth order push forward, recalling equations (2.12) and
(2.27), then the deviatoric component of the closed-form Eulerian tangential modulus is
c¯ =
1
J e
3∑
A=1
3∑
B=1
CalgABm
(e tr)
A ⊗m(e tr)B +
2
J e
3∑
A=1
τA∂gm
(e tr)
A (2.56)
where it can be shown that, following the methodology of Appendix I.4 ,
∂gm
(e tr)
A =
1
De trA
(
Ib
e tr −
3∑
B=1
[
2Λe tr 2B −
(
Ie trC − Λe trA
)
Λe trB
]
m
(e tr)
B ⊗m(e tr)B − IIIe trC Λe tr−1A I ′
)
(2.57)
where Ib
e tr
ijkl =
1
2
(
be trik b
e tr
jl + b
e tr
il b
e tr
jk
)
.
(2). Double coalescence of eigenvalues Λe1 6= Λe2 = Λe3 = Λe
The first and second principal stretch derivative terms from (2.54) for the single distinct
principal stretch (Λe1) can be determined explicitly given the results from Appendices I.2 and
I.4 . As such, these terms can be directly implemented as was the procedure above. For the
equal principal stretches, however, the explicit first and second principal stretch derivatives
remain undetermined and so further development is required.
By utilizing the combined differential terms from the Appendices, equations (I.24),
(I.46) and (I.47), and by exploiting the eigenvalue equality, it is possible to express the
deviatoric Lagrangian tangential modulus tensor, independent of the unknown principal stretch
differentials. A full account of this procedure is provided in Appendix II.1 . The resulting
reduced expression is
C¯ = F i−1n F
i−1
n
{
Calg11 M˜
(e tr)
1 ⊗ M˜
(e tr)
1 + C
alg
22
(
Ce tr−1 − M˜ (e tr)1
)
⊗
(
Ce tr−1 − M˜ (e tr)1
)
+ Calg21
(
Ce tr−1 − M˜ (e tr)1
)
⊗ M˜ (e tr)1 + Calg12 M˜
(e tr)
1 ⊗
(
Ce tr−1 − M˜ (e tr)1
)
− 2τICe tr−1 + 2 (τ1 − τ) ∂Ce trM˜
(e tr)
1
}
F i−Tn F
i−T
n (2.58)
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where the single fourth order modified eigenvalue base derivative, ∂Ce trM˜
(e tr)
1 , is defined in
Appendix I.4 . Carrying out the fourth order push forward of (2.58), the deviatoric component
of the closed-form Eulerian tangential modulus becomes
c¯ =
1
Je
Calg11 m
(e tr)
1 ⊗m(e tr)1 +
1
Je
Calg22
(
I −m(e tr)1
)
⊗
(
I −m(e tr)1
)
+
1
Je
Calg21
(
I −m(e tr)1
)
⊗m(e tr)1 +
1
Je
Calg12 m
(e tr)
1 ⊗
(
I −m(e tr)1
)
− 2
Je
τ2I
′ +
2
Je
(τ1 − τ2) ∂gm(e tr)1
(2.59)
where, as before, ∂gm
(e tr)
1 is found from the fourth order push forward of the modified
eigenvalue base derivative expression (I.45), such that
∂gm
(e tr)
1 =
1
D1
e tr (
Ib
e tr − 2Λe tr1
(
Λe tr1 − Λe tr
)
m
(e tr)
1 ⊗m(e tr)1 − IIIe trC Λe tr−11 I ′
)
(2.60)
(3). Triple coalescence of eigenvalues Λe tr1 = Λ
e tr
2 = Λ
e tr
3 = Λ
e tr
For the triple coalescence of eigenvalues, it is not possible to explicitly define any of the first
or second principal stretch derivatives. Instead, as before, the combined differential expressions
from the Appendices, equations (I.25) and (I.53), can be applied along with the eigenvalue
equality, to express the deviatoric Lagrangian tangential modulus tensor independent of all
the principal stretch differentials.
It is, however, initially advantageous to recall (2.41) and the consequential result that when
all three eigenvalues are equal, τA = 0 for all A = 1, 2, 3. As a result
F i−1n F
i−1
n
{
2
3∑
A=1
τA
∂
∂Ce tr
(
2λe tr−1A
∂λe trA
∂Ce tr
)}
F i−Tn F
i−T
n = 0 (2.61)
and (2.54) becomes greatly simplified.
In view of (2.60), expansion and manipulation of the reduced form of (2.54) is carried out
in Appendix II.2 to determine the deviatoric Lagrangian tangential modulus expression, with
the result
C¯ = Calg
(
IC
e tr−1 − 13Ce tr−1 ⊗Ce tr−1
)
(2.62)
where the scalar, Calg, is defined in Appendix II.2 . After the fourth order push forward of
this expression, the deviatoric component of the closed-form Eulerian tangential modulus for
triple coalescence of eigenvalues can be given by
c¯ =
1
Je
Calg
(
I ′ − 13I ⊗ I
)
(2.63)
Now the complete, consistent closed-form tangential modulus has been defined for
generalized inelastic materials, formulated in principal space and most significantly, invariant
to the actual form of inelastic constitutive expression within the broad grouping of operator
split theories. It can be trivially shown that elasticity/hyperelasticity is a special case of the
above development where total strain has only an elastic component.
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3. PRINCIPAL SPACE ALGORITHMIC DEVELOPMENT OF THE THREE SPECIFIC
CASES
Following from the results of Section 2, it remains to determine the principal deviatoric
stress terms and the tangential operator matrices for the three specific cases, i.e. the elastic,
viscoplastic and viscoelastic elements. This is done via principal space algorithmic solution
of the pertinent evolution equations. Following Peric´ and Dettmer [4], Reese and Govindjee
[10] and Nedjar [5, 6], because of the parallel configuration of the total constitutive theory,
the algorithmic treatment of each element may be decoupled. Thus, the elastic, viscoplastic
and viscoelastic algorithms are treated separately in what follows, each requiring subsequent
separate spectral reconstruction using the methodology from one of the preceding two sections.
3.1. Elastic element
In the absence of inelastic evolution, the numerical implementation of a purely hyperelastic
constitutive theory takes a trivially reduced form of the development of Section 2. It remains
to discuss the principal stress and tangential operator terms and also the selected form of free
energy potential.
Using a hyperelastic form of the separated free energy expression of (2.32) and recalling the
relationship between total and deviatoric principal stretches, (2.31), then it can be shown that
∂λ¯B
∂λA
= J−1/3
(
δBA − 13λBλ−1A
)
(3.1)
Consequently, the principal deviatoric stress terms τA, A = 1, 2, 3 from (2.34) can be expanded
to
τA =
∂ωˆ
∂λ¯A
λ¯A − 13
3∑
B=1
∂ωˆ
∂λ¯B
λ¯B (3.2)
Likewise, a more specific expanded form of the tangential operator matrix for pure
hyperelasticity can be determined from (2.53) by exploiting equations (3.1) and (3.2), giving
CalgAB =
∂ωˆ
∂λ¯A
δABλ¯B +
∂2ωˆ
∂λ¯A∂λ¯B
λ¯Aλ¯B +
1
9
3∑
C=1
3∑
D=1
[
∂ωˆ
∂λ¯C
δCDλ¯D +
∂2ωˆ
∂λ¯C∂λ¯D
λ¯C λ¯D
]
− 1
3
3∑
C=1
[
∂ωˆ
∂λ¯A
δAC λ¯C +
∂ωˆ
∂λ¯C
δCBλ¯B +
∂2ωˆ
∂λ¯A∂λ¯C
λ¯Aλ¯C +
∂2ωˆ
∂λ¯C∂λ¯B
λ¯C λ¯B
]
(3.3)
The formulation to this point is general for all hyperelastic constitutive theories taking the
decoupled principal space form of (2.32). For polymeric applications, it is deemed suitable here
to implement a hyperelastic Ogden constitutive theory for the elastic element [4, 8, 10]. The
corresponding free energy expression can be given
ψ =
Kel
4
(
J 2 − 2 lnJ − 1)︸ ︷︷ ︸
Uˆ(J)
+
3∑
r=1
(µel)r
(αel)r
(
λ¯
(αel)r
1 + λ¯
(αel)r
2 + λ¯
(αel)r
3 − 3
)
︸ ︷︷ ︸
ωˆ(λ¯1,λ¯2,λ¯3)
(3.4)
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where Kel, (µel)r and (αel)r are material parameters. For near incompressibility, Kel is given a
large value (of the order of ≈ 1000(µel)r following Reese and Govindjee [10]) which constitutes
a penalty method approach to incompressibility [8, 21].
It is now trivial to calculate the first and second differentials of Uˆ and ωˆ given (3.4),
for substitution into equations (3.2) and (3.3) to give the complete form of the hyperelastic
algorithm.
3.2. Viscoplastic element
Presented here is the development of a principal space closest point projection return
mapping algorithm for viscoplasticity with isotropic hardening. A one-dimensional rheological
representation of the isolated viscoplastic element is provided for illustration in Figure 1.
Figure 1. 1D rheological representation of the viscoplastic element.
Recalling that the viscoplastic element stress can be related to the elastic logarithmic
principal strain through equation (2.34), i.e.
~τn+1 =
∂ωˆ
(
~ε en+1
)
∂~ε en+1
= Tˆ (~ε en+1) (3.5)
then for convenience, an analogous expression for the elastic part of the algorithmic tangential
operator, (2.53), can be written
∂~τn+1
∂~ε en+1
=
∂2ωˆ
(
~ε en+1
)
∂~ε e 2n+1
= Cˆ(~ε en+1) (3.6)
In expressions (3.5) and (3.6), for a principal space free energy expression as in (2.32), Tˆ
and Cˆ are functions taking on analogous forms to equations (3.2) and (3.3) with modified
functionality on elastic strain components.
To facilitate the inclusion of strain hardening into the viscoplastic constitutive expressions,
it is necessary to introduce the stress space scalar internal state variable, q, accounting for
isotropic hardening. It follows from equations (3.5) and (3.6) that q, and its corresponding
hardening modulus, can be related to the strain space scalar conjugate, α, via the expressions
qn+1 = −∂hˆiso(αn+1)
∂αn+1
= Qˆiso(αn+1) ∂qn+1
∂αn+1
= −∂
2hˆiso(αn+1)
∂α2n+1
= Kˆ(αn+1) (3.7)
where Qˆiso and Kˆ are directly dependent on the explicit form of free energy expression, (2.32),
chosen.
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Referring to our earlier work, [17], and that of authors such as Peric´ and Dettmer [4], Simo
and Hughes [12], Simo [13] and Zienkiewicz and Taylor [26], assuming inelastic evolution to
be wholly deviatoric (see [4, 13]), the tensor space viscoplastic constitutive equations with a
von-Mises yield expression and isotropic hardening are defined
f = ‖dev[τ ]‖ −
√
2
3 (σy − q) (3.8a)
−1
2
(Lvbe) be−1 = 〈f〉2ηvp
∂f
∂τ
(3.8b)
α˙ =
〈f〉
2ηvp
∂f
∂q
(3.8c)
where ηvp is the material viscosity, dev [τ ] = (I
′ − 13I ⊗ I) : τ is the deviatoric component of
the Kirchhoff stress tensor (”:” represents a tensor contraction) and Lvbe is the Lie derivative
of the elastic left Cauchy-Green strain tensor. A common expansion of the Lie derivative [4, 10]
proceeds
Lvbe = F ˙Ci−1F T = b˙e − lbe − belT (3.9)
where l = F˙ F−1 is the spatial velocity gradient tensor. Equations (3.8a) to (3.8c) represent a
generalization of the viscoplastic formulation presented by Perzyna [27]. For the development
that follows, it is useful to also note that because inelastic deformation is assumed to be wholly
deviatoric, it is trivially shown that ∂τf = ∂dev[τ ]f .
Conventional operator split methodology of classical plasticity [11, 12, 28] is used to solve
the evolution equations (3.8b) and (3.8c). Initially, over the time increment ∆tn+1 = tn+1−tn,
recalling (2.12), an elastic trial state is specified, F e trn+1 (i.e. elastic predictor). Because F
i
n is
assumed constant during this step, then inelastic strain rate is zero and correspondingly from
(3.9), Lvbe = 0; i.e. initially no inelastic evolution.
If a test of the yield condition, (3.8a), indicates that inelastic flow is present, a plastic
correction step is then performed to account for this inelastic evolution. Over such a step, the
total deformation gradient is constant, thus l = 0 and correspondingly (3.8b) can be reduced
to
b˙
e
= −2 〈f〉
2ηvp
∂f
∂τ
· be (3.10)
Note that if yield has not been exceeded, (3.10) reduces to zero, i.e. no inelastic evolution is
expected. Solution of this differential expression by exponential mapping for the increment
∆tn+1 = tn+1 − tn gives
ben+1 = exp
{
−2∆tn+1 〈fn+1〉
2ηvp
∂fn+1
∂τn+1
}
· be trn+1 (3.11)
Because the tensor quantities ben+1, τn+1 and b
e tr
n+1 are known to commute for isotropic
response [10, 13], then expression (3.11) can be reduced to the principal space expression
λe 2An+1 = exp
{
−2∆tn+1 〈fn+1〉
2ηvp
∂fn+1
∂τAn+1
}
λe tr 2An+1 A = 1, 2, 3 (3.12)
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where τAn+1 are the viscoplastic deviatoric principal stress values defined by (3.5) and now
the yield function can be written in principal space
fn+1 = fˆ (~τn+1, qn+1) = ‖~τn+1‖ −
√
2
3 (σy − qn+1) (3.13)
Taking the logarithm of (3.12) gives the final expression
~ε en+1 = −
∆tn+1
〈
fn+1
〉
2ηvp
∂fn+1
∂~τn+1
+ ~ε e trn+1 (3.14)
For the isotropic hardening flow rule (3.8c), the scalar expression requires no modification
for application in principal space. Thus, simple differential solution gives
αn+1 =
∆tn+1
〈
fn+1
〉
2ηvp
∂fn+1
∂qn+1
+ αn (3.15)
A combined iterative solution to expressions (3.14) and (3.15) is necessary because of the
mutual dependence of the respective stress and strain space quantities. Solution via closest
point projection can thus be likened to a generalized Newton’s method solution for multiple,
mutually dependent expressions.
Developing on the conventional closest point projection derivations of Simo and Hughes [12],
Peric´ and Owen [15] and Peric´ [16], then from (3.14) and (3.15), the global flow residual array,
Rn+1, can be determined as
Rn+1 =
{
R~ε en+1
Rαn+1
}
=
{
~ε en+1 − ~ε e trn+1
αn+1 − αn
}
+
∆tn+1
〈
fn+1
〉
2ηvp
{
∂~τfn+1
−∂qfn+1
}
(3.16)
The two specific flow residuals R~ε en+1 and Rαn+1 can now be differentiated with respect to their
corresponding stress space terms. For the strain residual, R~ε en+1 , noting that ~ε
e tr
n+1 is constant
over the return mapping, this differential is given
∂R~ε en+1
∂~τn+1
=
∂~ε en+1
∂~τn+1
+
∆tn+1
2ηvp
∂~τfn+1 ⊗ ∂~τfn+1 +
∆tn+1
〈
fn+1
〉
2ηvp
∂2~τ~τfn+1
+
∆tn+1
2ηvp
∂qfn+1∂~τfn+1 ⊗ ∂qn+1
∂~τn+1
+
∆tn+1
〈
fn+1
〉
2ηvp
∂2~τqfn+1 ⊗
∂qn+1
∂~τn+1
(3.17)
Linearizing (3.17), recalling (3.6) and observing that it is the objective of the Newton
increment to enforce R~ε en+1 +∆R~ε en+1 −→ 0 then it can be shown
−R~ε en+1 =
[
Cˆ(~ε en+1)
−1 +
∆tn+1
2ηvp
∂~τfn+1 ⊗ ∂~τfn+1 +
∆tn+1
〈
fn+1
〉
2ηvp
∂2~τ~τfn+1
]
∆~τn+1
+
[
∆tn+1
2ηvp
∂qfn+1∂~τfn+1 +
∆tn+1
〈
fn+1
〉
2ηvp
∂2~τqfn+1
]
∆qn+1 (3.18)
By repeating an identical procedure for the isotropic hardening residual term and combining
the two results into matrix form, it becomes possible to rearrange for the two incremental values
∆~τn+1 and ∆qn+1. This is presented in Box 1 describing the full iterative algorithmic solution
over the time step ∆tn+1 = tn+1 − tn.
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Box 1: Viscoplastic algorithm
1. Initialize: t = tn+1, k = 0, ~ε
e(0)
n+1 = ~ε
e tr
n+1, α
(0)
n+1 = αn, ~τ
(0)
n+1 = Tˆ (~ε e(0)n+1 ) and
q
(0)
n+1 = Qˆiso(α(0)n+1).
2. Evaluate yield and flow rule residual
f
(k)
n+1 = fˆ
(
~τ
(k)
n+1, q
(k)
n+1
)
; R(k)n+1 =
{
~ε
e (k)
n+1 − ~ε e trn+1
α
(k)
n+1 − αn
}
+
∆tn+1
〈
f
(k)
n+1
〉
2ηvp
{
∂~τf
(k)
n+1
−∂qf (k)n+1
}
IF:
∥∥R(k)n+1∥∥ < TOL THEN: EXIT, ELSE:
3. Calculate the complete algorithmic modulus
Ξ(k)−1n+1 =
[
Ξ~τ~τ
(k)
n+1 Ξ
~τq (k)
n+1
Ξq~τ
(k)
n+1 Ξ
qq (k)
n+1
]−1
where
Ξ~τ~τ
(k)
n+1 = Cˆ
(k)−1
n+1 +
∆tn+1
2ηvp
∂~τf
(k)
n+1 ⊗ ∂~τf (k)n+1 +
∆tn+1
〈
f
(k)
n+1
〉
2ηvp
∂2~τ~τf
(k)
n+1
Ξ~τq
(k)
n+1 =
∆tn+1
2ηvp
∂qf
(k)
n+1∂~τf
(k)
n+1 +
∆tn+1
〈
f
(k)
n+1
〉
2ηvp
∂2~τqf
(k)
n+1
Ξq~τ
(k)
n+1 = −∆tn+12ηvp ∂qf
(k)
n+1∂~τf
(k)
n+1 −
∆tn+1
〈
f
(k)
n+1
〉
2ηvp
∂2q~τf
(k)
n+1
Ξqq
(k)
n+1 = Kˆ
(k)−1
n+1 − ∆tn+12ηvp ∂qf
(k)
n+1∂qf
(k)
n+1 −
∆tn+1
〈
f
(k)
n+1
〉
2ηvp
∂2qqf
(k)
n+1
4. Compute the incremental update of stress space quantities{
∆~τ (k)n+1
∆q(k)n+1
}
= −Ξ(k)−1n+1 ·R(k)n+1
5. Update stress, strain and hardening terms{
~τ
(k+1)
n+1
q
(k+1)
n+1
}
=
{
~τ
(k)
n+1
q
(k)
n+1
}
+
{
∆~τ (k)n+1
∆q(k)n+1
}
−→
{
~ε
e (k+1)
n+1
α
(k+1)
n+1
}
=
{
~ε
e (k)
n+1
α
(k)
n+1
}
+
{
Cˆ(k)−1n+1 ·∆~τ (k)n+1
Kˆ(k)−1n+1 ∆q
(k)
n+1
}
Set k ←− k + 1 and GO TO 2.
Following primarily the work of Peric´ [16], determination of the algorithmic tangential
operator matrix is facilitated via the direct linearization of the algorithm in Box 1. It can be
shown that over the increment ∆tn+1 = tn+1 − tn, then −Rn+1 = ∆Rn+1 = [∆~ε e trn+1,∆αn]T
such that manipulation of the matrix incremental update expression from Box 1 gives[
Ξ~τ~τn+1 Ξ
~τq
n+1
Ξq~τn+1 Ξ
qq
n+1
]{
∆~τ (k)n+1
∆q(k)n+1
}
=
{
∆~ε e trn+1
∆αn
}
(3.19)
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Expanding and dividing by ∆~ε e trn+1 it can be shown that
Ξ~τ~τn+1
∆~τn+1
∆~ε e trn+1
+ Ξ~τqn+1 ⊗
∆qn+1
∆~ε e trn+1
= I (3.20a)
Ξq~τn+1 ·
∆~τn+1
∆~ε e trn+1
+ Ξqqn+1
∆qn+1
∆~ε e trn+1
= ~0 (3.20b)
This system of equations has two unknowns, ∆~ε trn+1~τn+1 and ∆~ε trn+1qn+1. Simultaneous solution
for ∆~ε trn+1~τn+1 then gives, with some manipulation, the algorithmic tangential operator matrix
Calg =
∂~τn+1
∂~ε e trn+1
≈ ∆~τn+1
∆~ε e trn+1
=
[
Ξ~τ~τn+1 −
(
Ξqqn+1
)−1 Ξ~τqn+1Ξq~τn+1
]−1
(3.21)
It remains to specify the exact free energy expression that governs the elastic and hardening
relationships within expressions (3.5), (3.6) and (3.7). The generalized form of the free energy
expression (2.32), becomes for isotropic hardening
ψ = ψˆ(λe1, λ
e
2, λ
e
3, α) = Uˆ (J e) + ωˆ
(
λ¯e1, λ¯
e
2, λ¯
e
3
)
+ hˆiso(α) (3.22)
Again implementing an Ogden potential for the elastic components of (3.22) then
Uˆ(J e) = Kvp
4
(
J e 2 − 2 lnJ e − 1) (3.23)
ωˆ(λ¯e1, λ¯
e
2, λ¯
e
3) =
3∑
r=1
(µvp)r
(αvp)r
(
λ¯
e (αvp)r
1 + λ¯
e (αvp)r
2 + λ¯
e (αvp)r
3 − 3
)
(3.24)
The remaining term of (3.22) is chosen here as a simple linear isotropic hardening law analogous
to that used by Simo and Hughes [12] and Hughes [29], i.e.
hˆiso(α) = 12 K¯α
2 (3.25)
where K¯ is the scalar isotropic hardening modulus. Now Kvp, (µvp)r, (αvp)r, K¯ and, from
the evolution expressions, ηvp, are the viscoplastic material parameters fully defining the
viscoplastic constitutive behavior.
Selection of a linear isotropic hardening relationship is done largely for numerical simplicity
and also for the significant reductions in experimental work required to fulfill the hardening
parameter when compared to more complex, nonlinear theories. It would be, however, equally
applicable to implement a more complex hardening relationship were there a need to do so.
This is a prime example of the power of closest point projection return mapping algorithms.
The principal deviatoric stress terms and the algorithmic tangential operator matrix for
the viscoplastic case, calculated with converged incremental values for elastic strain, are
implemented within the generalized framework of Section 2 to define the full tensor space
expressions for stress and consistent, closed-form tangential modulus.
3.3. Viscoelastic element
The principal space viscoelastic model chosen for this work, broadly resembles that of Reese
and Govindjee [10]. The explicit development presented here is, however, a departure from such
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Box 2: Viscoelastic algorithm
1. Initialize: t = tn+1, k = 0, ~ε
e(0)
n+1 = ~ε
e tr
n+1 and ~τ
(0)
n+1 = Tˆ (~ε e(0)n+1 ).
2. Evaluate flow rule residual
R
(k)
n+1 = ~ε
e (k)
n+1 − ~ε e trn+1 +
∆tn+1
2ηve
~τ
(k)
n+1
IF:
∣∣R(k)n+1∣∣ < TOL THEN: EXIT, ELSE:
3. Calculate the complete algorithmic modulus
Ξ~τ~τ
(k)−1
n+1 =
[
Cˆ(k)−1n+1 +
∆tn+1
2ηvp
I
]−1
4. Compute the incremental update of stress space quantities
∆~τ (k)n+1 = −Ξ~τ~τ
(k)−1
n+1 ·R(k)n+1
5. Update stress and strain
~τ
(k+1)
n+1 = ~τ
(k)
n+1 +∆~τ
(k)
n+1 −→ ~ε e (k+1)n+1 = ~ε e (k)n+1 + Cˆ(k)−1n+1 ·∆~τ (k)n+1
Set k ←− k + 1 and GO TO 2.
conventional formulations, owing to the versatility of the closest point projection algorithm of
Section 3.2. In what follows we show that the viscoelastic model of Reese and Govindjee can
be recovered as a special case of the algorithm of Section 3.2. The isolated viscoelastic element
treated herein can be represented by the one-dimensional Maxwell model9 shown in Figure 2.
Figure 2. 1D rheological representation of the viscoelastic element.
Following a comparison of Figures 1 and 2 and noting that viscoelastic response does not
require internal variables, then it is an elementary deduction that
σy = q = α = 0, ηvp = ηve, f = ‖~τn+1‖ and α˙ = 0 (3.26)
As a consequence of these simplifications, all the terms related to q or α in Box 1 vanish for
9Note that this element must be implemented in parallel with an elastic element such as that discussed in
Section 3.1 to be truly viscoelastic.
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the viscoelastic case. Additionally, as a direct result of (3.26)3, it can be simply proven that,
because f is now unconditionally positive, then inelastic deformation is present at all stages
of strain and also
〈f〉 = ‖~τn+1‖ (3.27)
Authors such as Simo [13] and Simo and Hughes [12] provide conventional definitions for
the first and second derivatives of a yield function of the form of (3.26)3 as
∂fn+1
∂~τn+1
=
~τn+1
‖~τn+1‖ = ~en+1 (3.28)
and
∂~en+1
∂~τn+1
=
1
‖~τn+1‖ [I − ~en+1 ⊗ ~en+1] (3.29)
where ~en+1 is the unit vector to ~τn+1. Implementing these expressions into the full principal
space closest point projection algorithm of Section 3.2, with some development, Box 1 reduces
to the viscoelastic equivalent presented in Box 2. The resulting algorithm is exactly comparable
with that of Reese and Govindjee [10].
Following equation (3.21), the algorithmic tangential operator matrix for the viscoelastic
case reduces to
Calg = Ξ~τ~τ −1n+1 =
[
Cˆ−1n+1 +
∆tn+1
2ηvp
I
]−1
(3.30)
With some rearranging this becomes
Calg = Cˆn+1
[
I +
∆tn+1
2ηvp
Cˆn+1
]−1
︸ ︷︷ ︸
K−1n+1
=
∂~τn+1
∂~ε en+1
K−1n+1 (3.31)
where now (3.31) is identical to the algorithmic tangential operator determined by Reese and
Govindjee [10].
As a final point, for the viscoelastic element we have once again chosen an Ogden hyperelastic
potential for the free energy expression
ψ =
Kve
4
(
J e 2 − 2 lnJe − 1)︸ ︷︷ ︸
Uˆ(Je)
+
3∑
r=1
(µve)r
(αve)r
(
λ¯
e (αve)r
1 + λ¯
e (αve)r
2 + λ¯
e (αve)r
3 − 3
)
︸ ︷︷ ︸
ωˆ(λ¯e1,λ¯
e
2,λ¯
e
3)
(3.32)
where now Kve, (µve)r and (αve)r and from the evolution expressions, ηve, constitute the
viscoelastic material parameters fully defining the viscoelastic constitutive behavior.
From the development presented in this section, we have shown that the principal space
viscoelastic constitutive model of Reese and Govindjee [10] can be exactly recovered as a
special case of the viscoplastic closest point projection algorithm of Section 3.2. Aside from
the related algorithmic convenience, this has been presented as a prime example of the power
of a versatile methodology such as closest point projection to easily account for a broad range
of constitutive response. Once again, the converged principal space results from the algorithm
presented here should be implemented into the generalized framework of Section 2 for full
definition in tensor space.
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4. NUMERICAL EXAMPLES
The performance of the numerical model treated in the preceding sections is demonstrated
here through several verification finite element models. The developed elasto-viscoelastic-
viscoplastic material model has been implemented in the form of a user material subroutine
(UMAT) for use with the commercial finite element package ABAQUS. The examples presented
in what follows provide evidence of the robust nature of the formulation and demonstrate the
industrial applicability of the model. Because the results presented represent model testing,
the model parameters have been selected qualitatively during the initial testing stages to best
demonstrate the performance of the model.
4.1. Simple shear tests
Figure 3. Four element simple shear test geometry (figure based on that of Reese and Govindjee [10]).
The geometry and simple finite element mesh for the first numerical example is shown
in Figure 3. This plane strain, simple shear example has been used previously by Reese
and Govindjee [10] for verification of an elasto-viscoelastic constitutive model. The goal of
this numerical simulation is to assess the performance of the treated principal space elasto-
viscoelastic-viscoplastic model during a fully three-dimensional problem where rotation of the
principal axes is significant. The selected material parameters are provided in Table I.
A prescribed horizontal displacement was applied to the top edge of the test square
sinusoidally such that γ = sin (0.3 t). This top edge was constrained in the vertical dimension
while the three bottom nodes were pinned. In what follows the results from three full sinusoidal
cycles are presented (t = 0 −→ 62.83 s).
The in-plane Cauchy shear stress is plotted against logarithmic shear strain in Figure 4
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Table I. Elasto-viscoelastic-viscoplastic material parameters for simple shear testing; the subscript
n = el, ve, vp for the elastic, viscoelastic and viscoplastic elements respectively.
Parameter Units Elastic Viscoelastic Viscoplastic
Kn [psi] 1× 105 1× 105 1× 105
(µn)1 [psi] 20 51.4 20
(µn)2 [psi] -7 -18 -
(µn)3 [psi] 1.5 3.86 -
(αn)1 1.8 1.8 2
(αn)2 -2 -2 -
(αn)3 7 7 -
ηn [psi s] - 1360.975 1360.975
σy [psi] - - 5
K¯ [psi] - - 250
Figure 4. In plane Cauchy shear stress vs shear logarithmic strain for sinusoidal simple shear test
(Cauchy stress and logarithmic strains determined as tensorial output parameters during the analysis).
for the sinusoidal simple shear simulation. The plot shows a relatively rapid approach toward
cyclic equilibrium.
Of particular importance for the principal plane formulation treated in the preceding sections
is the correct spectral treatment of the internal state variables during rotation such as that
during simple shear. The sinusoidal testing in this section demonstrates a combination of
finite strain, finite rotation and load reversal. Provided in Figure 5 is a plot of the stress space
isotropic hardening internal variable which shows that the numerical implementation being
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verified, performs as required from both a rotation and load reversal standpoint.
Figure 5. Stress space isotropic hardening internal variable during cyclic simple
shear test.
4.2. Simply supported beam: Creep
Figure 6. Distributed load applied to simply supported beam during creep test.
In the second numerical example, the creep response of a three-dimensional elasto-
viscoelastic-viscoplastic simply supported beam during a constantly applied distributed top
load was observed (see Figure 6). This is a practical example with creep response being
commonly observed when semicrystalline polymers have been used in such circumstances in
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the past. The material parameters used for this example are the same as for the previous
example provided in Table I.
The beam geometry used for the numerical simulation was 200 in× 20 in× 10 in (Length ×
Height × Width) and a plane of symmetry A − A (see Figure 6) was subsequently observed.
375 8-node brick elements, ABAQUS type C3D8, were used to discretize the beam half. A
distributed pressure of 0.05 psi was applied to the top surface. This surface load was initially
ramped up to 0.05 psi over 10 s and was then held constant for a creep period of 400 s. The
deflection of the center section A−A during this period was of most significance. This deflection
(δA−A) is plot against time in Figure 7 (note the initial 10 s ramping of the load).
Figure 7. Diagram showing the deflection (creep) over time of the simply supported beam following an
initially ramped application of the loading; deflection corresponds to a section at the beams center.
4.3. Simply supported beam: Relaxation
The final example presented here is an alternate form of the simply supported beam example
from Section 4.2 above. In this example the center section of the beam A − A was loaded
with a prescribed deflection (Figure 8) and the relaxation of the axial stress component was
observed. The geometry and material model parameters are the same as those used in Section
4.2.
An initial prescribed vertical displacement of −20 in was applied to section A−A, ramped
over a period of 10 s as before. This displacement was then held for a period of 1000 s and
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Figure 8. Prescribed displacement, applied to the center section of a simply supported beam during
relaxation test.
the relaxation of the axial component of stress (σ11) across the whole central section was
observed. A diagram of this axial stress relaxation across the section A − A is provided in
Figure 9. As would be expected, the axial stress can be seen to reduce or relax over time. The
slight nonlinearity of the results in Figure 9 may be exaggerated through the use of alternative
model parameters, but such modifications were outside the current scope of this work.
Figure 9. Relaxation of the center section axial stress components of the simply supported beam over
time. t1, t2, ...t4 correspond to arbitrary times during the period of relaxation.
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5. CONCLUSION
The objective of this paper has been to present the numerical implementation of a finite
strain, principal space constitutive theory for elasto-viscoelastic-viscoplastic materials, most
specifically semicrystalline polymers. While the broad grouping of these materials under such
a classification (i.e. elasto-viscoelastic-viscoplastic) is verified widely in the literature, the
variability of specific subset response characteristics such as elastic relationships and explicit
hardening rules can be dependent on things like type, grade and moulding conditions. It has
been our aim to present a principal space implementation scheme that is not limited by case
specific constitutive variability and so which is applicable to the general case.
The development of expressions for tensorial stress and consistent closed-form tangential
modulus have been treated extensively for generalized inelasticity and elasticity has been
presented as a special subclass. This development was motivated by the limited treatment
of the tensor space implications of principal stretch inelastic constitutive theories that is
presented in the literature. The subsequent principal space algorithmic developments for
suitable elastic, viscoelastic and viscoplastic constitutive theories have then been presented
as specific examples.
Numerical examples have been presented as illustration of the implemented model and as a
demonstration of the model’s reproduction of deforming phenomena observed in real situations.
A significant outcome of the numerical examples is the validation that principal axis rotation
is treated adequately within the model.
The selection of a principal space constitutive theory was made, assuming isotropy, to allow
practical parameter generation for industrial type applications. A testing methodology to allow
extraction of these model parameters has been published elsewhere (Holmes and Loughran [30])
and is integral to the value of the work presented here.
Within the development of the generalized inelastic expressions in principal space, provided
in Section 2, we have paid particular attention to the cases where zero, two or all eigenvalues are
equal. The necessary separate numerical treatments of these three cases have been presented
however we have not treated the case where eigenvalues are nearly equal (i.e. differ by 10−6 or
less). A typical numerical procedure in such circumstances is to switch to an iterative numerical
scheme, such as Jacobi iteration, so as to avoid problems which may arise using an analytical
procedure alone. Although not specifically emphasized in publications, this approach has been
adopted by the majority of research groups in the field and corresponds to an area of future
interest for this work.
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APPENDIX I.
I.1. Modified Lagrangian eigenvalue base definition
From the definition of the modified Lagrangian eigenvalue base, equation (2.27), it can be shown that
M˜1 + M˜2 + M˜3 = C
−1 (I.1)
Λ1M˜1 + Λ2M˜2 + Λ3M˜3 = I (I.2)
Λ21M˜1 + Λ
2
2M˜2 + Λ
2
3M˜3 = C (I.3)
(1). Distinct eigenvalues Λ1 6= Λ2 6= Λ3
Solving the system of equation (I.1) to (I.3) yields
M˜A =
C − (IC − ΛA) I + IIICΛ−1A C−1
DA
A = 1, 2, 3 (I.4)
where
DA = (ΛA − ΛB) (ΛA − ΛC) A 6= B 6= C (I.5)
and the well know first and third principal invariants IC and IIIC have been exploited where
IC = Λ1 + Λ2 + Λ3 IIC = Λ1Λ2 + Λ1Λ3 + Λ2Λ3 IIIC = Λ1Λ2Λ3 (I.6)
Note that this is an identical result to that found by Simo and Taylor [8].
(2). Double coalescence of eigenvalues Λ1 6= Λ2 = Λ3 = Λ
From standard algebra, it can be shown that for the case when Λ2 = Λ3, the corresponding modified
eigenvalue bases remain undetermined given only equations (I.1) to (I.3). To account for this (I.1) and
(I.2) can take the modified form
M˜1 +
(
M˜2 + M˜3
)
= C−1 (I.7)
Λ1M˜1 + Λ
(
M˜2 + M˜3
)
= I (I.8)
Here now the modified eigenvalue base corresponding to the single distinct eigenvalue Λ1 can be
determined as can the combined
(
M˜2 + M˜3
)
contribution as
M˜1 =
I − ΛC−1
Λ1 − Λ (I.9)(
M˜2 + M˜3
)
= C−1 − M˜1 (I.10)
Although Simo and Taylor [8] do not present an alternative definition such as this for the case of
double eigenvalue coalescence, it can be trivially shown that (I.4) reduces to (I.9) in such circumstances
and so there would be no loss in generality to use only equation (I.4) in both cases.
(3). Triple coalescence of eigenvalues Λ1 = Λ2 = Λ3 = Λ
For the case of triple coalescence of eigenvalues, from equations (I.1) to (I.3) the modified eigenvalue
bases are all algebraically indeterminate. In this case, (I.1) is of sole importance to the corresponding
spectral reconstruction.
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I.2. First principal stretch differentials
Recalling the three principal invariants, equations (I.6), by exploiting the traditional tensor forms of
these invariants [21] (functional on the right Cauchy-Greens strain), (I.6) become
tr [C] = Λ1 + Λ2 + Λ3 (I.11)
1
2
(
tr [C]2 + tr
[
C2
])
= Λ1Λ2 + Λ1Λ3 + Λ2Λ3 (I.12)
det [C] = Λ1Λ2Λ3 (I.13)
Differentiating equations (I.11) to (I.13) with respect to C gives after manipulation
I = ∂CΛ1 + ∂CΛ2 + ∂CΛ3 (I.14)
C = ICI − (Λ2 + Λ3) ∂CΛ1 − (Λ1 + Λ3) ∂CΛ2 − (Λ1 + Λ2) ∂CΛ3 (I.15)
IIICC
−1 = Λ2Λ3∂CΛ1 + Λ1Λ3∂CΛ2 + Λ1Λ2∂CΛ3 (I.16)
(1). Distinct eigenvalues Λ1 6= Λ2 6= Λ3
Appendix I.1 provided definition of the modified eigenvalue bases, M˜A, A = 1, 2, 3 functional on
the eigenvalues and C, I and IIICC
−1. Equations (I.14) to (I.16) can be substituted into (I.4) and
following straight forward manipulation
∂CΛA = ΛAM˜A, A = 1, 2, 3 (I.17)
Recalling the relationship λA =
√
ΛA, the corresponding principal stretch derivatives can be found
via the chain rule expansion
∂λA
∂C
=
3∑
B=1
∂λA
∂ΛB
∂ΛB
∂C
=
1
2
λ−1A
∂ΛA
∂C
(I.18)
such that now
∂CλA =
1
2
λAM˜A, A = 1, 2, 3 (I.19)
(2). Double coalescence of eigenvalues Λ1 6= Λ2 = Λ3 = Λ
For the case of double eigenvalue coalescence, again substituting equations (I.14) to (I.16) into the
modified eigenvalue base expression (I.9), yields
∂CΛ1 = Λ1M˜1 (I.20)
Rearranging (I.16), such that
C−1 = Λ−11 ∂CΛ1 + Λ
−1
2 ∂CΛ2 + Λ
−1
3 ∂CΛ3 (I.21)
then exploiting (I.20) it can be shown
∂C (Λ2 + Λ3) = Λ
(
C−1 − M˜1
)
(I.22)
Again implementing equation (I.18), the principal stretch derivatives for double eigenvalue coalescence
become
∂Cλ1 =
1
2
λ1M˜1
∂C (λ2 + λ3) =
1
2
λ
(
C−1 − M˜1
) (I.23)
(I.24)
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(3). Triple coalescence of eigenvalues Λ1 = Λ2 = Λ3 = Λ
Because the eigenvalue bases remain undetermined in the case of triple coalescence of eigenvalues,
no distinct principal stretch derivatives can be found, however utilizing equations (I.18) and (I.21) it
can be shown that
∂C (λ1 + λ2 + λ3) =
1
2
λC−1 (I.25)
which is a useful result.
I.3. First and second jacobian differentials
Noting the definition of the jacobian, J , in principal space as J = λ1λ2λ3, then using the chain rule,
its derivative with respect to the right Cauchy-Green strain tensor becomes
∂J
∂C
=
3∑
A=1
∂J
∂λA
∂λA
∂C
(I.26)
Observing
∂J
∂λA
= λBλC , A 6= B 6= C (I.27)
and assuming the case of distinct eigenvalues, then equations (I.19) and (I.27) can be substituted into
(I.26) to give
∂J
∂C
=
1
2
JM˜1 +
1
2
JM˜2 +
1
2
JM˜3 (I.28)
Finally, recalling (I.1), then
∂CJ =
1
2
JC−1 (I.29)
Equation (I.29) is identical to that used by Simo and Taylor [8]. It is worthwhile to note that
similarly, this process can be repeated for the cases of double and triple eigenvalue coalescence yielding,
with some manipulation, the same expression. This result clearly demonstrates the invariance of the
volumetric terms to dimensionally variant strain as expected.
The second differential of the jacobian, ∂2CCJ can be found via the straightforward differential of
equation (I.29). From the chain rule
∂2J
∂C2
=
∂
∂C
(
1
2
JC−1
)
=
1
2
∂J
∂C
C−1 +
1
2
J
∂C−1
∂C
(I.30)
Simo and Taylor [8] represent the differential, ∂CC
−1, by the fourth order tensor −IC−1 where it can
be shown that
∂C−1ij
∂Ckl
= −IC−1ijkl = −1
2
(
C−1ik C
−1
jl + C
−1
il C
−1
jk
)
(I.31)
Using this and with further implementation of (I.29), the second differential of the jacobian (I.30),
becomes
∂2CCJ =
1
4
JC−1 ⊗C−1 − 1
2
JIC
−1
(I.32)
I.4. Second principal stretch differentials
The different treatment of the first principal stretch differentials dependent on eigenvalue equalities
in Appendix I.2 , necessitates the analogous separation of the second principal stretch differentials as
follows.
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(1). Distinct eigenvalues Λ1 6= Λ2 6= Λ3
Because all eigenvalue bases are independently discernable for distinct eigenvalues, the second
principal stretch derivative terms reduce to first modified eigenvalue base derivatives as has been
noted in Section 2.5. Taking the derivative of equations (I.1) to (I.3) with respect to the right Cauchy-
Green strain tensor yields
∂CM˜1 + ∂CM˜2 + ∂CM˜3 = −IC
−1
(I.33)
Λ1∂CM˜1 + Λ2∂CM˜2 + Λ3∂CM˜3 = −
3∑
A=1
ΛAM˜A ⊗ M˜A (I.34)
Λ21∂CM˜1 + Λ
2
2∂CM˜2 + Λ
2
3∂CM˜3 = I
′ − 2
3∑
A=1
Λ2AM˜A ⊗ M˜A (I.35)
having used the relationship ∂CΛA = ΛAM˜A from (I.17). By simultaneous solution and subsequent
algebraic manipulation of equation (I.33) to (I.35) it can be shown that the modified Lagrangian
eigenvalue base derivatives are given by
∂CM˜A =
1
DA
(
I ′ −
3∑
B=1
[
2Λ2B − (IC − ΛA) ΛB
]
M˜B ⊗ M˜B − IIICΛ−1A IC
−1
)
, A = 1, 2, 3
(I.36)
(2). Double coalescence of eigenvalues Λ1 6= Λ2 = Λ3 = Λ
When two eigenvalues are equal, only the other distinct eigenvalue has an explicitly defined
eigenvalue base. Consequently, it would be inconsistent to replace the second derivatives of the non-
unique principal stretches with the first derivatives of undetermined eigenvalue bases as was possible
when all the eigenvalues were distinct. An alternate methodology will be used such that the second
differential terms are functional on the determined eigenvalue base only.
Recalling equation (I.10)
C−1 − M˜1 = M˜2 + M˜3 (I.37)
Substitution of this expression into (I.22) gives
M˜2 + M˜3 = Λ
−1∂C (Λ2 + Λ3) (I.38)
Using this expression, the system of equations (I.1) to (I.3) are modified
M˜1 + Λ
−1∂C (Λ2 + Λ3) = C
−1 (I.39)
Λ1M˜1 + ∂C (Λ2 + Λ3) = I (I.40)
Λ21M˜1 + Λ∂C (Λ2 + Λ3) = C (I.41)
Now taking the differential of the modified expressions (I.39) to (I.41), with respect to the right
Cauchy-Green strain tensor gives
∂CM˜1 + Λ
−1∂2CC (Λ2 + Λ3)− Λ−2 (∂CΛ2 ⊗ ∂CΛ2 + ∂CΛ3 ⊗ ∂CΛ3) = −IC
−1
(I.42)
Λ1∂CM˜1 + ∂
2
CC (Λ2 + Λ3) = −Λ1M˜1 ⊗ M˜1 (I.43)
Λ21∂CM˜1 + Λ∂
2
CC (Λ2 + Λ3) + (∂CΛ2 ⊗ ∂CΛ2 + ∂CΛ3 ⊗ ∂CΛ3) = I ′ − 2Λ21M˜1 ⊗ M˜1 (I.44)
Within the new system of equations (I.42) to (I.44), there are three unknowns; ∂CM˜1,
∂2CC (Λ2 + Λ3) and (∂CΛ2 ⊗ ∂CΛ2 + ∂CΛ3 ⊗ ∂CΛ3). Simultaneous solution for the modified
Lagrangian eigenvalue base derivative ∂CM˜1 gives
∂CM˜1 =
1
D1
(
I ′ − 2Λ1 (Λ1 − Λ)M˜1 ⊗ M˜1 − IIICΛ−11 I ′
)
(I.45)
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Correspondingly, the second and third unknown terms can be given by the functions
∂2CC (Λ2 + Λ3) = −Λ1M˜1 ⊗ M˜1 − Λ1∂CM˜1 (I.46)
(∂CΛ2 ⊗ ∂CΛ2 + ∂CΛ3 ⊗ ∂CΛ3) = −Λ1ΛM˜1 ⊗ M˜1 + IIICΛ−11 IC
−1 − Λ (Λ1 − Λ) ∂CM˜1 (I.47)
where (I.46) and (I.47) are expressed wholly in terms of the known modified eigenvalue base and its
derivative as desired.
(3). Triple coalescence of eigenvalues Λ1 = Λ2 = Λ3 = Λ
As was the case for the first principal strain differentials, when Λ1 = Λ2 = Λ3 = Λ, the second
differentials are also all exclusively indeterminate. This being said, a useful result can be attained via
a procedure similar to that used above for the case of double eigenvalue coalescence.
From equations (I.1) and (I.21)
M˜1 + M˜2 + M˜3 = Λ
−1∂C (Λ1 + Λ2 + Λ3) (I.48)
Substitution of this term into equations (I.1) and (I.2) gives the modified equation system
Λ−1∂C (Λ1 + Λ2 + Λ3) = C
−1 (I.49)
∂C (Λ1 + Λ2 + Λ3) = I (I.50)
Differentiation with respect to the right Cauchy-Green strain tensor gives
Λ−1∂2CC (Λ1 + Λ2 + Λ3)− Λ−2 (∂CΛ1 ⊗ ∂CΛ1 + ∂CΛ2 ⊗ ∂CΛ2 + ∂CΛ3 ⊗ ∂CΛ3) = −IC
−1
(I.51)
∂2CC (Λ1 + Λ2 + Λ3) = 0 (I.52)
and by trivial simultaneous solution,
(∂CΛ1 ⊗ ∂CΛ1 + ∂CΛ2 ⊗ ∂CΛ2 + ∂CΛ3 ⊗ ∂CΛ3) = Λ2IC
−1
(I.53)
APPENDIX II.
II.1. Expansion of C¯ for double coalescence of eigenvalues
Due to the nature of the results for first and second principal stretch derivatives from Appendices
I.2 and I.4 when two eigenvalues coalesce, expression of the specific deviatoric component of the
closed-form tangential modulus is only possible after expansion of equation (2.54).
Recalling that the derivative of the single exclusive eigenvalue is know from (I.23), then the
expansion of the deviatoric tangential modulus proceeds
C¯ = F i−1n F i−1n
{
Calg11 M˜
(e tr)
1 ⊗ M˜
(e tr)
1 + C
alg
12 M˜
(e tr)
1 ⊗
(
2λe tr−12
∂λe tr2
∂Ce tr
)
+ Calg13 M˜
(e tr)
1 ⊗
(
2λe tr−13
∂λe tr3
∂Ce tr
)
+ Calg21
(
2λe tr−12
∂λe tr2
∂Ce tr
)
⊗ M˜ (e tr)1
+ Calg22
(
2λe tr−12
∂λe tr2
∂Ce tr
)
⊗
(
2λe tr−12
∂λe tr2
∂Ce tr
)
+ Calg23
(
2λe tr−12
∂λe tr2
∂Ce tr
)
⊗
(
2λe tr−13
∂λe tr3
∂Ce tr
)
+ Calg31
(
2λe tr−13
∂λe tr3
∂Ce tr
)
⊗ M˜ (e tr)1 + Calg32
(
2λe tr−13
∂λe tr3
∂Ce tr
)
⊗
(
2λe tr−12
∂λe tr2
∂Ce tr
)
+ Calg33
(
2λe tr−13
∂λe tr3
∂Ce tr
)
⊗
(
2λe tr−13
∂λe tr3
∂Ce tr
)
+ 2τ1∂Ce trM˜
(e tr)
1
+ 2τ2
∂
∂Ce tr
(
2λe tr−12
∂λe tr2
∂Ce tr
)
+ 2τ3
∂
∂Ce tr
(
2λe tr−13
∂λe tr3
∂Ce tr
)}
F i−Tn F
i−T
n
(II.1)
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Of particular importance to the reduction of this expression is the observation that when Λe tr2 =
Λe tr3 = Λ
e tr, then via algebraic manipulation of equation (2.53) it can be shown that
Calg12 = C
alg
13 , C
alg
21 = C
alg
31 , C
alg
22 = C
alg
23 = C
alg
32 = C
alg
33 (II.2)
Also, recalling equation (I.18), it is convenient to use the eigenvalue form of the second principal
stretch derivatives via
∂
∂Ce tr
(
2λe tr−1A
∂λe trA
∂Ce tr
)
=
∂
∂Ce tr
(
Λe tr−1A
∂Λe trA
∂Ce tr
)
(II.3)
such that now (II.1) reduces to
C¯ = F i−1n F i−1n
{
Calg11 M˜
(e tr)
1 ⊗ M˜
(e tr)
1 + C
alg
12 M˜
(e tr)
1 ⊗
[
2λe tr−1∂Ce tr
(
λe tr2 + λ
e tr
3
)]
+ Calg21
[
2λe tr−1∂Ce tr
(
λe tr2 + λ
e tr
3
)]⊗ M˜ (e tr)1
+ Calg22
[
2λe tr−1∂Ce tr
(
λe tr2 + λ
e tr
3
)]⊗ [2λe tr−1∂Ce tr (λe tr2 + λe tr3 )]+ 2τ1∂Ce trM˜ (e tr)1
+ 2τΛe tr−1∂2Ce trCe tr
(
Λe tr2 + Λ
e tr
3
)− 2τΛe tr−2 (∂Ce trλe tr2 ⊗ ∂Ce trλe tr2 + ∂Ce trλe tr3 ⊗ ∂Ce trλe tr3 )}
F i−Tn F
i−T
n (II.4)
With substitution of equations (I.24), (I.46) and (I.47), following some development the deviatoric
component of the specific Lagrangian tangential modulus for double coalescence of eigenvalues becomes
C¯ = F i−1n F i−1n
{
Calg11 M˜
(e tr)
1 ⊗ M˜
(e tr)
1 + C
alg
22
(
Ce tr−1 − M˜ (e tr)1
)
⊗
(
Ce tr−1 − M˜ (e tr)1
)
+ Calg21
(
Ce tr−1 − M˜ (e tr)1
)
⊗ M˜ (e tr)1 + Calg12 M˜
(e tr)
1 ⊗
(
Ce tr−1 − M˜ (e tr)1
)
− 2τICe tr−1 + 2 (τ1 − τ) ∂Ce trM˜
(e tr)
1
}
F i−Tn F
i−T
n (II.5)
This expression is now formulated invariant to the unknown eigenvalue bases and their respective
unknown derivatives and so can be directly numerically implemented.
II.2. Expansion of C¯ for triple coalescence of eigenvalues
Expansion of the reduced form of expression (2.54), due to (2.60), enables definition of the deviatoric
tangential modulus, invariant to the unknown principal stretch derivative. Expressing the differential
terms in eigenvalue form as per (I.18), then
C¯ = Calg11
(
Λe tr−11
∂Λe tr1
∂Ce tr
)
⊗
(
Λe tr−11
∂Λe tr1
∂Ce tr
)
+ Calg12
(
Λe tr−11
∂Λe tr1
∂Ce tr
)
⊗
(
Λe tr−12
∂Λe tr2
∂Ce tr
)
+ Calg13
(
Λe tr−11
∂Λe tr1
∂Ce tr
)
⊗
(
Λe tr−13
∂Λe tr3
∂Ce tr
)
+ Calg21
(
Λe tr−12
∂Λe tr2
∂Ce tr
)
⊗
(
Λe tr−11
∂Λe tr1
∂Ce tr
)
+ Calg22
(
Λe tr−12
∂Λe tr2
∂Ce tr
)
⊗
(
Λe tr−12
∂Λe tr2
∂Ce tr
)
+ Calg23
(
Λe tr−12
∂Λe tr2
∂Ce tr
)
⊗
(
Λe tr−13
∂Λe tr3
∂Ce tr
)
+ Calg31
(
Λe tr−13
∂Λe tr3
∂Ce tr
)
⊗
(
Λe tr−11
∂Λe tr1
∂Ce tr
)
+ Calg32
(
Λe tr−13
∂Λe tr3
∂Ce tr
)
⊗
(
Λe tr−12
∂Λe tr2
∂Ce tr
)
+ Calg33
(
Λe tr−13
∂Λe tr3
∂Ce tr
)
⊗
(
Λe tr−13
∂Λe tr3
∂Ce tr
)
(II.6)
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Again exploiting the eigenvalue equality Λe tr2 = Λ
e tr
3 = Λ
e tr, from direct development of (2.53) it
can be shown that
Calg11 = C
alg
22 = C
alg
33 = C
alg − 1
3
Calg, Calg12 = C
alg
13 = C
alg
21 = C
alg
23 = C
alg
31 = C
alg
32 = − 13Calg (II.7)
where the scalar term, Calg, is introduced for convenience. It follows that now
C¯ = Calg
[
Λe tr−2
(
∂Ce trΛ
e tr
1 ⊗ ∂Ce trΛe tr1 + ∂Ce trΛe tr2 ⊗ ∂Ce trΛe tr2 + ∂Ce trΛe tr3 ⊗ ∂Ce trΛe tr3
)]
− 1
3
Calg
[
Λe tr−2
(
∂Ce trΛ
e tr
1 ⊗ ∂Ce trΛe tr1 + ∂Ce trΛe tr1 ⊗ ∂Ce trΛe tr2 + ∂Ce trΛe tr1 ⊗ ∂Ce trΛe tr3
∂Ce trΛ
e tr
2 ⊗ ∂Ce trΛe tr1 + ∂Ce trΛe tr2 ⊗ ∂Ce trΛe tr2 + ∂Ce trΛe tr2 ⊗ ∂Ce trΛe tr3
∂Ce trΛ
e tr
3 ⊗ ∂Ce trΛe tr1 + ∂Ce trΛe tr3 ⊗ ∂Ce trΛe tr2 + ∂Ce trΛe tr3 ⊗ ∂Ce trΛe tr3
)]
(II.8)
The term in the second round brackets can be factored to ∂Ce tr
(
Λe tr1 + Λ
e tr
2 + Λ
e tr
3
) ⊗
∂Ce tr
(
Λe tr1 + Λ
e tr
2 + Λ
e tr
3
)
so, with substitution of equations (I.21) and (I.53), the modulus term
becomes
C¯ = Calg
(
IC
e tr−1 − 1
3
Ce tr−1 ⊗Ce tr−1
)
(II.9)
which is again invariant to the unknown eigenvalue bases and their respective unknown derivatives.
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